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Singularities in Optimization of Deterministic Dynamic Systems
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I. Introduction

FROM an historical standpoint scientific optimization
studies are a relatively recent development. One of the

best known examples is the determination of the optimal
transfer orbit between two planets by Hohmann in 1925.1
Until the beginning of the space era such studies remained
rare and primarily theoretical.2'6 Fortunately, the exploration
of space has provided an excellent field for the development
of optimization theories because space missions are extremely
expensive and because simple and accurate mathematical
models of space navigation are available.

At present, the field of optimization has literally exploded
in all directions. It has led to new theoretical approaches as
well as to the development of many numerical methods more
or less based on these theories. The first numerical methods
were very general but they suffered from a lack of con-
vergence and were often not able to deal with the constraints
of optimization problems (singularities, forbidden zones,
etc.). They have been improved considerably over the years
and are now employed in virtually all branches of science and
engineering.

On the other hand, the optimization theories have led to the
discovery of many types of singularities and even to some very
surprising phenomena, such as those arising in the Fuller
problem.7 The existence of switching points, intermediate
thrust arcs, singular arcs of various kinds, chattering arcs,
etc., finally lead to very complex solutions. All of these
singularities occur in systems which may be classified as
"dynamic systems" or "dynamical systems," i.e.,
maneuverable and deterministic systems governed by ordinary
differential equations. Natural extensions of these systems
and their optimization would be differential games, stochastic
optimization, and optimization of distributed parameter
systems. However, we will not consider these last three
subjects since they lead to an extreme variety of singularities
(for differential games these include universal surfaces,
dispersal surfaces, transition surfaces, focal lines, equivocal
lines, barriers, bundles of trajectories, etc.). This survey will
be restricted to the singularities occurring in the optimization
of the above-defined dynamic systems.

II. Problem Statement

A. Dynamic Systems under Consideration
These systems can be described in a variety of ways as

follows:
1) There is an independent variable t generally called time.

Thus, a property which is true for almost all t is "almost
always" true but not "almost everywhere'' true.

2) The other parameters of interest, xl9x2t...,xnt are the
components of the "state vector"

x=(x1,x2,...,xn) (1)

3) The evolution of x is controlled by a "control vector" u
and a "control function" (or even a "control vector-
function") /

=f(x, u,t) (2)

4) The control vector u can be chosen anywhere in a given
'control domain" A

(3)

Usually A is independent of x and t.
5) It is possible to disregard the control vector u and to

consider the "maneuverability domain" Z), such that

xtD(x,t)

which obviously implies that

D(x,t)=f[x,A(x,t),t]

(4)

(5)

6) The definition of the admissibility of a trajectory x ( t )
can now be considered, i.e., its compatibility with Eqs. (2)
and (3) [or with Eq. (4)]. Discontinuities of x ( t ) in relation
to the "control impulses" are possible. If so, "admissibility
of the discontinuous type" is also possible.8 However, the
local compactness of the set of admissible trajectories requires
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more conditions for/(jc,w,0, A(j?,0» and D(x,t) than are
required for the "admissibility of the continuous type"8 in
which the continuity of x ( t ) is needed.

We will not consider the admissibility of the discontinuous
type since it can be brought back to the continuous type when
taking another independent variable into account.

Use of "piecewise-continuous controls" u ( t ) assumes that
x ( t ) is admissible if:

x ( t ) = f i x ( t ) , u ( t ) , t ] (almost always)

(almost always) (6)

Note that the continuity and the almost always dif-
ferentiability of x ( t ) are not sufficient to give a valid
definition since there exist continuous and nonconstant
functions which have almost always a zero derivative. To be
more specific: x ( t ) should be "absolutely continuous." It is
an integral of its derivative (with the very general measure and
integral of Lebesgue):

x(t•,)-*<*,>=$; -x(t)dt (7)

The restriction to "piecewise-continuous controls" u ( t ) is
unfortunate; it leads to difficulties in problems as simple as
that of Fuller (see example 16 in Sec. VI. G). A wider and
better choice is that of measurable controls u( t ) .

If we use the maneuverability domain D defined in Eq. (4),
the admissibility is very simple: x ( t ) is an admissible
trajectory if and only if

x(t) is absolutely continuous

x ( t ) t D ( x ( t ) , t ] (almost always) (8)

The absolute continuity of x ( t ) is determined as follows:
Assume an arbitrary compact interval [ t ] f t 2 ] in which x ( t ) is
defined. Also assume an arbitrary sequence of disjoint
subintervals (ta,tb), (tc,td),..., and the corresponding x
intervals (xa,xb), (xc,xd),.... Then x ( t ) is absolutely
continuous in [ t 1 , t 2 ] if, with some usual definition of the
norm, the sum \\xa— xb\\ + \\xc — xd\\ + ... goes to zero along
with the sum \ta-tb\ + \tc-td\ +.... Thus, x ( t ) is ab-
solutely continuous if it has this property in any compact
interval in which it is defined. The absolute continuity implies
the almost always differentiability of x(t), and ;quivalent
to the condition of Eq. (7).

The admissibility defined by Eq. (8) is equivalent to that
defined by Eqs. (6) and (7) for measurable u(t), provided that
Eqs. (2) and (3) are Borel-measurable relations, as is indeed
the case in all usual problems.

B. Optimization Problems of Dynamic Systems
Just like the corresponding dynamic systems, these op-

timization problems present themselves in a large variety of
ways. We will describe them in as general a way as possible.

1) There is a performance index /:

(9)I=I1(x0,t0,xf,tf)+ I 2 ( x ( t ) , u ( t ) , t ] d t

2) There is an "authorized domain" £) in the R2n+2 space
of end states and times:

(X0,t0,xf,tf)t$> (10)

For instance, X0,t0, and tf are given and xf is free.
3) The optimization problem consists of finding the ad-

missible trajectory x(t) leading from x0 at t0 to xf at tf,
satisfying Eq. (10) and giving to / its maximum (or minimum)

possible value. In the case of a minimization, / is usually
called a cost function.

4) Sometimes, there are some additional constraints, e.g.,
the occurrence of a forbidden zone IF in the x,t space. For all t
within [ t 0 , t f ] :

(11)

Note that the forbidden zones for the control u were already
implied by Eq. (3).

Classically, an optimization problem is called: 1) the
"Lagrange problem" if 7,=0 in Eq. (9); 2) the "Mayer
problem" if 72sO in Eq. (9); 3) the "Bolza problem" in the
general case, but as will be shown in Sec. IV the Mayer
problem has in fact the same degree of generality; or 4) the
"linear quadratic problem" if the following conditions are
satisfied:

The control domain A(Jc,0 is anRm space

f(x,u,t) =F(t)x+G(t)u

The authorized domain 3D gives X0,t0,tf, and
some linear relations on xf

/is to be minimized:

Ij=xjSxf

(12a)

(12b)

(12c)

(12d)

The matrices F(t), G(t), S, Q(t), H(t), and
R ( t ) are given with/? (0^0 (12e)

The forbidden zone ̂  is empty (12f)

Linear quadratic problems are very useful in the study of
the immediate vacinity in a given trajectory x(t).

III. The Singularities
We will classify the singularities with respect to their

nature: 1) the topological singularities; 2) a singularity related
to the optimization procedure that appears in problems of the
Lagrange or Bolza form but disappears when the problem is
brought back to the Mayer form; and 3) the singularities
related to the optimization itself (singular arcs and their
"generalized Legendre-Clebsch condition," intermediate
thrust arcs, and chattering arcs of the second kind).

IV. The Topological Singularities
When considering a given problem, the usual questions are:

Has the problem a solution? Is that solution unique? Are
there some simple conditions which must necessarily be
satisfied by the solution and is there a general way to find the
latter? What are the singular cases and the singularities? How
are they dealt with? Finally, which analytical or numerical
methods are able to find the solution with any given accuracy?
What is their domain of application? What are their dif-
ficulties of convergence?

The question of uniqueness is often considered of secon-
dary importance, but the question of existence is central. For
linear quadratic problems, it is strongly related to the ideas of
robustness, controllability, and extendability.9'16 Hence, the
topological analysis is as follows:

1) Is the problem feasible? That is, does there exist an
admissible trajectory x ( t ) , even if nonoptimal, satisfying the
end conditions of Eq. (10) and other constraints such as Eq.
(11)? This question is easy in general and is related to the
controllability of linear quadratic systems.

2) Consider the candidate solutions and the corresponding
values of the performance index /. We are looking for the
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optimal value of 7, so the second question is: Does an ad-
missible trajectory correspond to the optimal value of 7? We
are inclined to take as the optimal solution the limit of a
sequence of the best candidate solutions, and the question is
that of the existence and the admissibility of the limit.

This question arises very often in mathematics and is
related to the convergence of a given sequence and thus to the
local compactness of the set of elements of interest, i.e., the
set of admissible trajectories and their performance index.
Very simple results can be obtained if the problem has a
Mayer form.

As discussed in Sec. II, B the Mayer form corresponds to
an I 2 function identically zero in Eq. (9). If this is not the case,
it is straightforward to obtain that form by adding a sup-
plementary parameter xn+1 to the state vector x, a parameter
xn+] such that

(13)= I 2 l x ( 0 ) , u ( 0 ) , 0 ] d O

Thus the initial value of xn+1 is zero and its control function is

dxn+]/dt=I2[x(t),u(t),t} (14)

The performance index 7 now has the Mayer form

7=77 (x0,t0,Xf,tf) +xn+1j (15)

With this Mayer form and with one of the usual definitions of
the distance between two trajectories, the set of admissible
trajectories and their performance index is locally compact if
the conditions of partial canonicity in the meaning of Con-
tensou8 are satisfied, i.e.:

The forbidden zone ^ of Eq. (11) is open (e.g., it
is empty) and the authorized domain 3D of Eq.
(10) is closed. (16a)

The performance index 7, now equal to
I(x0,t0,xf,tf), is a continuous function of
x0,t0,xf,andtf. (16b)

For almost all t the maneuverability domain
D(x,t) defined in Eq. (5) is closed, convex, and
upper semicontinuous with respect to x [i.e,
xn^x;xn€D(xn,t);xn,^iT impliesxtD(x,t)]. (16c)

For a bounded set B of the x,t space, let WB(t)
be the largest velocity \\x(t)\\ at instant t for
admissible trajectories of set B. (16d)

The last condition is then:

For any bounded set B, the function WB(t) is
integrable.

With reference to Eqs. (16), the following should be noted:
Note 1. These conditions of local compactness correspond

to the admissibility conditions of measurable controls u ( t ) . If
only piecewise-continuous controls u(t) are allowed, it
becomes very difficult to be sure of the existence of an op-
timal solution (see example 16 in Sec. VI.G and Refs. 7 and
17).

Note 2. Since we are looking for the optimal value of the
performance index 7, its continuity rule can be relaxed. For
instance, if 7 is to be maximized, it is sufficient that
I(x0,t0,xf,tf) be an upper semicontinuous function.

Note 3. As usual, the local compactness of the set of in-
terest assures the existence of a limit (i.e., the optimal
solution) only if the sequence is "local," i.e. only if the best

nonoptimal solutions belong to some bounded set of the x,t
space.

Thus, the remote parts of the authorized domain 3D of Eq.
(10) must be either uninteresting (bad performance index) or
unattainable. Furthermore, the trajectories "going as far as
desired and coming back in a finite time" must be either
impossible or uninteresting. Consider the following count-
erexample.

Example 1. Optimal trajectories "going as far as desired
and coming back in a finite time."

Control function and control domain: x= ux2; - 7 < w < + /
(17a)

End conditions: x0=xf = l\ t0-Q\ tf=3

f3 dtQuestion: minimize 7= I —

(lib)

(17c)

The greatest lower bound of 7 is 2/3 and the sequence of
best candidate solutions can be the following in terms of the
positive parameter e:

0<t<l-e: u = l x

l-e<t<2 + e:

u=-l

=(2 + 3e2+4e3)/3 (18)

When e— 0+ the performance index 7 goes to its greatest
lower bound 2/3 but the solutions go to infinity.

Note 4. The linear quadratic problems satisfy the con-
ditions of Eqs. (16a) and (16b), but neither the condition of
Eq. (16d) nor, when in the Mayer form, the convexity con-
dition of Eq. (16c).

The convexization of the maneuverability domain does not
alter the result: it cannot lead to better 7 (which is related to
the property called "directional convexity"), but the dif-
ficulties related to the nonverification of the condition of Eq.
(16d) have led to various tests of "robustness," "ex-
tendability," "non-negativity," or "finiteness."9'16

The following examples may explain this more clearly.
Example 2. Optimal trajectories "going as far as desired

and coming back in a finite time" in a linear quadratic
problem.

Control function and control domain: x=u; - oo < w < + oo
(19a)

End conditions: x0 = t0 = 0; xf = l\ tf given and positive

S tf
(u2 —x2)dt

to

If /y < TT the optimal solution is bounded:

I=cottf

(19b)

(19c)

(20)

hence when tf-+ ir the optimal 7 goes to minus infinity.
When tf>-K, the performance index 7 may have any value

and its greatest lower bound is minus infinity and the op-
timization leads to unbounded trajectories. This property is
analyzed by the tests of "non-negativity" and of
"finiteness"9-16.

Example 3. Discontinuities in linear quadratic problems.

Control function and control domain: x=u\ — oo < w < + oo
(21a)
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End conditions: x0 = t0 = 0\ xf = tf =

I t/
tu2dt

to

(21b)

(21c)

The greatest lower bound of / is zero and it can be shown with
the following sequence of continuous solutions in terms of the
parameter K:

exp{ -K] </<

K>0

-K} =>w

> u = l/Kt

1=1 /K

(22a)

(22b)

(22c)

(22d)

When K goes to infinity, the performance index / goes to zero;
however, these continuous solutions have a discontinuous
limit with a "control impulse" leading x from zero to one at
/ = 0, and, also, it is obvious that no continuous solution can
give 7=0.

However, it is very difficult to consider discontinuous
solutions as something more than merely a limit of a proper
sequence of continuous solutions, for example:

Example 4. A problem very similar to example 3 .

Control function and control domain: x=u\ — oo < « < + oo
(23a)

End conditions: X = t =

S tj-
u

to

(23b)

(23c)

The best continuous solution is now: u= l/(2v7) and x=^fT,
which gives /= Vi. Hence, in spite of «2vT=0 at / = 0, it is
impossible to consider the discontinuous solution of example
3 as realistic.

A general analysis of this difficult question leads to the
"admissibility of the discontinuous type."8 The admissible
trajectories are then not necessarily absolutely continuous,
but they have a bounded total variation (and thus at most a
denumerable number of discontinuities with some obvious
rules for these discontinuities). The local compactness of the
set of these solutions requires the conditions of Er~ (16a) and
(16b) but Eq. (16d) is no longer necessary a Eq. (16c)
becomes:

The maneuverability domain D(x,t) is closed
convex and upper semicontinuous with respect to
xand t. (24)

Condition (24) is more stringent than Eq. (16c) and
generally implies the continuity of the matrices F, G, Q, H,
and R of Eq. (12) with respect to t. The extension of the
Pontryagin maximum principle to this type of admissibility is
not easy.

Note 5. There is a simple case in which these difficulties of
discontinuities are avoided.

We have seen in Eq. (12) that one of the conditions for
linear quadratic problems is R(t)>Q. This means that the
matrix R ( t ) is symmetric and non-negative definite and that
its eigenvalues are real and non-negative. In a given feasible
linear quadratic problem, with r ( t ) denoting its smallest R(t)
eigenvalue, assume that 1) the matrices F(t)t G(t), Q(t),
H(t), and R ( t ) are, as usual, measurable functions of t\
2) the function \/r(t) is an integrable function of t\ and 3) the
topological singularities of Note 3 are avoided. Then the set of
solutions is locally compact and the optimal solution of the

problem of interest is unique and absolutely continuous, and
can thus be obtained by the Pontryagin theory of optimization
(see Sec. VI.A or Ref. 17).

Note 6. This review of topological singularities can be
concluded with an analysis of the convexity condition of Eq.
(16c). The conditions of local compactness in Eq. (16) are
quite obvious except perhaps for the convexity condition
which leads to two questions: What happens to systems with
nonconvex maneuverability domains? and Is it justified to
"convexize" the maneuverability domains (i.e., to "relax"
control18'22)?

Dynamic systems with nonconvex maneuverability domains
lead to "chattering solutions of the first kind."20 The optimal
control u and the corresponding velocity x "chatter" at ar-
bitrarily rapid rates between two or more values such as XA
and XB (Fig. 1) and it gives an intermediate velocity such as
xc, as in the following example.

Example 5. Nonconvex maneuverability domain.

Control function and control domain: x = u = ± 1 (25a)

Question: minimize /= \ x2dt (25b)
Jo

The greatest lower bound of / is zero but it can be obtained
only by a relaxation of the control that allows jc = 0. The
"convexization" and the closure of the maneuverability
domain are not always justified-they can lead to solutions
which are not the limit of earlier solutions as in the following
examples.

Example 6. Unjustified closure.

Maneuverability domain: 2V \x\ <x<l + *

End conditions :x0 = t0 = 0\tf = l

Question: minimize xf

(26a)

(26b)

(26c)

Before closure, the greatest lower bound of xf is 1; after
closure, the solutionx(t) = 0 for 0</< 1 becomes admissible.

Example 7. Unjustified convexization and relaxation.19'20

Control function and control domain:

Xl=u=±l\ x2

End conditions: xlo=x20 = t0 =

Question: minimize x2f

B

Fig. 1 Shaded nonconvex maneuverability domain and its "con-
vexization" along AB either by "chattering" or by "relaxation."
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This example is very similar to the previous one: before
convexization the greatest lower bound of x2f is 1; after
convexization, xt =0 becomes possible as well as the solution
*=Ofo rO</< l .

We will present in Sec. VI.A a general rule, the
"generalized canonicity of Pontryagin,"8 under which the
relaxation of the control and the closure and convexization of
the maneuverability domains become justified and lead to
trajectories which are the limit of suitable sequences of
initially admissible trajectories.

V. An Artificial Singularity Related to
the Optimization Procedure

The assumption that singularity appears for problems put
in the Lagrange or Bolza forms but disappears in the Mayer
form is made here. Consider the following example.

Example 8. An artificial singularity.

Control function: *7 = cos«7; x2 = sinw7; x3 = u2 (28a)

Control domain: -7 r<w 7 <+7r ; - / < w 2 < + / (28b)

End conditions: x]0 =x20 =x30 = t0=0\

xlf = tf = l\ x2f and x3f are free (28c)

Question: maximize/= l (x2+x3)dt (28d)
j o

Since *7=cosw7<l and tf — t0=xlf—x10, we almost
always need cosw7 = 1 and thus sinw7 = 0; on the other hand,
we obviously almost always need u2 = 1 and thus xl =xs = t,
JC2=0, and 7= 0.5.

Let us now analyze the problem by the usual Hamiltonian
procedure of the Bolza form:

H=p1xI +p2x2 +P3x3 +x2 +x3

=p1cosu1 +p2sinw7 +p3u2 + x2 +x3 (29)

/is to be maximized, then u = arg• maxH(p,x,if,t), i.e.:

and

dH

sinw7 =p2 /\lp] +p2
2

8H

U2=signp3

(30)

dH

0
Fig. 2 Examples of shaded maneuverability domains (convex and
nonconvex) and the corresponding generalized Hamiltonian.

where pl is constant, p2 decreases, and hence sint/7 decreases.
This behavior does not correspond to the optimal solution for
which sinw7, x2 , and x2 are zero.

Finally, using the Mayer form

x4(t) =\jtn

H=pjcosu1

lx2(6)+x3(9))M (32a)

I=x4.f (32b)

+P3u2+p4(x2+x3) (32c)

The optimal solution corresponds to pl = 1, p2 = 0, p3 = 1,
andp4 =0; thus, becausep4 =0, the singularity is removed.

The usual procedure of the Bolza form can still be used if
we allow for the possibilty of that zero factor in the (x2 +x3)
term, i.e., the/2 term, of//.

VI. Singularities Related to the
Optimization Itself

A. The Pontryagin Maximum Principle and Its Generalization
Because we want to analyze and survey the various

singularities, it is necessary to know first the general rule
established by many successive authors such as Weierstrass,
McShane, Halkin, Roxin, Contensou, Breakwell, Lawden,
Pontryagin17'23"26 - a rule known as the Pontryagin maximum
principle. In this section this principle will be presented in its
most general and simplest form.

We assume that the performance index / is to be maximized
(otherwise —/is to be maximized) and we use the Mayer form
of the problem in order to avoid the artificial singularity
presented in Sec. V.

Note that with the Mayer form, the control u becomes only
"a convenient way to describe the maneuverability." Any v
may be substituted for u with a one-to-one correspondence
and thus the problem can be separated into two questions:
1) that of the customer - What can be done and at what price?
(i.e. determination of the optimal x ( t ) and /); and 2) that of
the engineer - How can that optimal solution be achieved?
(i.e. determination of the optimal control u ( t ) ) . It is obvious
that the second question is just a formality as soon as the
optimal x(t) is known and so we will concentrate on the first
question, disregarding the control u and using the
maneuverability domainD(x,t) of Eqs. (4) and (5).

Following Pontryagin, we introduce an adjoint vector p ( t )
and the corresponding Hamiltonian function H

H=p-x=p-f(x,u,t) (33)

That Hamiltonian is called either ''control Hamiltonian" or
"generalized Hamiltonian" or only "Hamiltonian."

From H we define //* by

//*=sup
xW(x,t)

p-f(x,u,t) (34)

//* is thus a function of p, x, and t and is called "optimal
Hamiltonian," "generalized Hamiltonian," or sometimes
just "Hamiltonian" by various authors. All this is, of course,
very confusing and thus we will use control Hamiltonian for
H(p,x,u,t) and optimal Hamiltonian for //* (p,x,t).

H* (p,x,t) is obviously independent of the closure and of
the "convexization" of the maneuverability domain D(x,t)
(Fig. 2). Thus, closure and convexization need to be justified
within the meaning of Note 6. This is the case if, for example,
the three following conditions are satisfied (generalized
canonicity of Pontryagin8):

The relation x£D(x,t) or else the two relations
«€A(Jt,0 andx=f(x,u,t) are Borel measurable. (35a)

The forbidden zone ̂  of Eq. (11) is closed. (35b)
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For any bounded set B of the x,t space, there
exists an integrable function h ( t ) such that for
almost all t: (35c)

>A(Jt,0 is not empty

and such that \\J\Xj f u l f t ) -f(x2,u2,t) II

<\\Xj-x2 \\-h(t)

In terms of the maneuverability, Eq. (35c) becomes for almost
all /:

{(X'1,t)and(x'2,t)tB-$}^\H*(p1,x'I,t)-H*(p2Jx2,t)

^ h ( t) { \\PJ -p2 II + Ipt II - I *7 - x2 II ) (36)

Thus H*(p,x,t) is almost always a local Lipschitz function
with respect to p and x, but it is measurable only with respect
tot.

Note that, after convexization and closure of the
maneuverability domains, Eqs. (35c) implies Eqs. (16c) and
(16d). Furthermore, if Eqs. (16a) and (16b) are satisfied, the
problem is then called "bicanonical"27 and has many in-
teresting properties that will be discussed in following sec-
tions.

Equations (16a) and (35b) imply that the forbidden zone ^
is empty, but the problem remains bicanonical if ̂  covers the
two half -spaces defined by t<Tl and t>T2. Now, the
following definitions are needed:

1) Connectable couple (x]ftj)f (x2,t2)-A couple such
that an admissible trajectory x ( t ) leads from (Jc ; ,/7) to
( x 2 f t 2 ) .

2) Limit couple -A connectable couple, but with non-
connectable couples in any of its vicinities.

3) Limit trajectory -Its end couple (x0,t0), (xf,tf) is a
limit couple.

4) Extremal trajectory- All its couples (Jt^,),/;),
(x(t2),t2) are limit couples.

5) Locally limited or locally extremal trajectories -These
become limit or extremal if we consider only one of their
sufficiently small neighborhoods.

For bicanonical systems, all limit trajectories are also
extremal and all locally limit trajectories are also locally
extremal. The Pontryagin maximum principle can be ex-
tended to all bicanonical systems and it can be expressed in the
following way, independently of the control u. For each
locally extremal trajectory x ( t ) defined on [t0,tf]', there
corresponds at least one "adjoint function" p ( t ) satisfying
the following properties:

p ( t ) is absolutely continuous and nonzero on [t0,tf] (37)

At almost all points [ p ( t ) , x ( t ) , t ] where H*(p,x,t) is
continuously differentiable with respect top and x, one has

= dH*/dp p=-dff*/dx (38)

At almost all other points (i.e., usually on some sub-
manifolds)

(39)

This domain DH gives a generalization of Eq. (38). It is the
closed convex hull of local gradients (with 2n components)
dH*/d(p,x) taken at the points (p(t) + 5p,x(t) + 5x,t]
where dp and dx are infinitesimal variations and H* is dif-
ferentiable with respect to p and x (i.e., DH is the limit for
e-*0 of the domains DHe obtained when H6j51l<e and
H6J?l l<e) .

Note that Eqs. (34), (38), and (39) almost always imply the
usual "condition of the maximum," that is

p-x= sup p-x=H*
xW(x,t)

(40)

We will call Dv the projection of DH on the space of velocities
x\ it is also the closed and convex set of velocities satisfying
the condition of the maximum [Eq. (40)] and belonging to
the closed convex hull of the maneuverability domain D(x,t):

[xtDv(p,x,t)}

& {px=H* (p,x,t), and *€ closed convex hull of D(x,t)} (41)

This generalization of Pontryagin's maximum principle is
very useful because it remains valid even for singular arcs. A
few examples are discussed below.

Note 7. l f p ( t ) satisfies the conditions of Eqs. (37-39), the
function \p(t) also satisfies these conditions (X being an
arbitrary positive constant) and the f unctions p ( t ) and \p(t)
are not considered as independent.

Note 8. The Pontryagin maximum principle is related to
the first-order analysis of the vicinity of the solution x ( t ) of
interest, and so is its generalization. It implies that if only one
independent adjoint function p ( t ) corresponds to the ex-
tremal trajectory x ( t ) of interest, the neighboring end
couples, (X0 + 5x0,t0) and (xf + dXf,tf), are connectable by
neighboring trajectories as soon as

(42)

but the other neighboring couples can also sometimes be
connectable since the Pontryagin conditions are the only
necessary conditions of local extremality.

Note 9. If H*(p,x,t) is continuous at (p0,x0,t0) and at
(Pf,xf,tf), then Eq. (42) can be extended to the usual ex-
pression

P0 • dx0 - - dxf - H}dtf + o ( dx0, 5t0, dxf, dtf) (43)

This leads to the usual transversality conditions.
Note 10. If more than one independent adjoint function

p ( t ) corresponds to the extremal trajectory of interest, the
analysis is more complex but remains classical and can
sometimes be improved in various ways.

Note 11. In linear quadratic problems the above conditions
of bicanonjcity are never satisfied because the possible
velocities x are always unbounded. These problems have
received considerable attention9'16 and various tests of ap-
plicability of the Pontryagin maximum principle have been
defined (e.g., when the conditions of Note 5 are satisfied).

B. Singular Arcs and Singular Controls
We have discussed the topological singularities in Sec. IV

and an artificial singularity in Sec. V. Let us now consider the
most interesting aspect of this survey-the singularities
related to the optimization itself, especially the singular arcs
and singular controls.1(M6.28-70

The prototype of singular arcs is the Lawden spiral.28 It is
an intermediate thrust arc occurring in problems of optimal
transfers between Keplerian orbits in a central field. The
Lawden spiral was found to be nonoptimal by Robbins29 and
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Kopp and Moyer.30 The status of the general intermediate-
thrust arcs in a central field was given by Archenti et al.,31'33

many of which are extremal trajectories. The first general
studies of singular arcs were made by Kelley,34"36 Rob-
bins,29'37 and Contensou38 in the case of a scalar singular
control. They used special control variations and a trans-
formation approach with the objective of finding a suitable
state variable which could be considered as control parameter.
This method was extended by Kopp and Moyer,30 Tait,39 and
Kelley et al.40; who obtained the generalized Legendre
Clebsch condition, also known as the Kelley-Contensou test:

"A necessary condition of extremality for scalar singular
control is that

which implies

(-l)»d2"pn/dt2»=2Apn+ru (50)

where q is the order of the singular problem and us the scalar
singular control."

Note that the sign must be opposite if the optimal
Hamiltonian H* is given by a minimization of the dot product
p-x rather than a maximization. Also note that this ex-
pression assumes sufficient differentiability of the control
Hamiltonian H and is reduced to the usual Legendre con-
dition when q = Q.

The case of a vector singular control was developed by
Robbins37 and Goh41 and will be discussed in Sec. VI.D.
Numerous second-order tests have been set up, such as the
Jacobson-Gabasov condition42'43 (applied at the final point of
a singular arc when it is also the final point of the trajectory of
interest). Thus, very general surveys can be made.16-44-50

The singular arc can be characterized by

Along a singular arc the domain DH of Eq. (39) is
almost never reduced to a point as in Eq. (38).

Let us consider a first simple example.
Example 9. A generalized Fuller problem.

(45)

Control function and control domain: dnx/dtn = u; (46a)
— b(t)<u<a(t)\ a ( t ) , b ( t ) are integrable and positive

Question:

S tf
Ax2 dt between given end conditions (46b)lo

The Mayer form of the problem is the following:

x=X; dx/dt=x2t... dkx/dtk=xk+1,...

d^-^x/dt^-v =xn (47a)

the parameter xn+1 is related to/: dxn + 1/dt=Ax2j (47b)

H=p1x2 +p2x3 + ... +/?„_, -xn +pnu+pn+1Ax2
1 (47c)

and thus:

.+pn_jXn+pn-a(t)+pn + 1Ax2
1 (48a)

+ Pn-l*n ~Pn '&(0 +Pn + /^*7 (48b)

According to Eq. (45), the singular arc occurs when/?,, =0
over some interval of time. However:

Pn = ~Hxn = -Pn-l>- Pk=~H*Xk =

( -1) »d»pn/dt» = -pi =#*, = -2Apn (49)

Along the singular arc, pn and all of its derivatives are zero,
hence xk and pk = 0 for £=1,2,...A? and thus pn+1^Q
[because of Eq. (37)]. However pn+1 = -H*Xn+j = 0 and,
since we want to maximize xn+1j, the transversality con-
ditions lead to:

p =p >0 (51)

Hence, according to Eq. (44) the singular arc x = 0 is of order
n, it is optimal if A<0 (indeed it then corresponds to the
strong maximum of /, i.e., zero); finally, it is not optimal if
A>0', it then corresponds to the minimum rather than the
maximum of/.

C. Singular Arcs of Type 1
In the previous section, we considered a control

Hamiltonian which was linearly related to some control
parameter u\ that presentation is insufficiently general and
has several drawbacks when compared to the general
definition given in Eq. (45).

Let us consider a maneuverability domain such as the
concave one of Fig. 2; the maximum principle leads to two
possible velocities x*A and x*B (after closure of the domain) and
even to all velocities of the segment x^ to x% after con-
vexization of the domain. That segment corresponds to the
relaxation of the control between u*A and u*B and also to the
linear relation H=Hl+uH2 of the previous section. Hence
that linear relation can either be given directly in the problem
of interest, or it can arise indirectly through the closure and
the convexization of the maneuverability domain. Thus Eq.
(45) is a very general definition of singular arcs.

Let us consider now the domain Dv, projection of DH on
the space of velocities x and already defined in Eq. (41). It is a
closed and convex set of dimension k(Q<k<n— 1) and ac-
cording to Contensou,38 the "subboundary" of Dv is defined
as its boundary in its own space of dimension k.

According to Ref. 8, a "singular arc of Type 1," is one that
satisfies the following three conditions:

The domain DH and its projection Dv have
almost always the same number of dimensions
[i.e., the choice of j? in Eq. (39) implies that ofp) (52a)

The velocity x belongs almost never to the
"subboundary" of/)v (52b)

Only one independent adjoint function p ( t )
corresponds to the trajectory x ( t ) of interest (52c)

Condition (52c) is sometimes called the "normality con-
dition" (remember that p ( t ) and \p(t) are not independent
when X is a positive constant, but they are independent if X is
negative).

For scalar singular controls (i.e., when DH and Dv are of
dimension 1) Eq. (52b) is equivalent to the usual condition of
a "two-sided variation." It is an important condition, as
shown in the following example.

Example 10. Importance of Eq. (52b).

Control function and control domain: Xj =x2 + coswy;
X2 = u2 + sinu1; I w 7 1 <TT; 0<« 2 <7 (53a)

End conditions: xLO—x20 = t0 = 0\ x2f = 0\ tf = l (53b)

Question: maximize x]f (53c)

The generalized Legendre-Clebsch condition of Eq. (44) is not
satisfied for the singular solution x} = t, x2 = 0; however, this
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solution is optimal because Eq. (52b) is not satisfied and
therefore Eq. (44) is not applicable.

D. The Test of Singular Arcs of Type 1
Let us try to write the Kelley-Contensou test of Eq. (44) and

its generalization to vector singular controls independently of
the control in order to avoid the difficulties underlined in Sec.
VI.C.

In the vicinity of an arc with a scalar singular control, the
optimal Hamiltonian H* can be written as:

(54)

where H\ corresponds to the portion of the maneuverability
domain near XA (Fig. 2) and H*B to the portion near XB. The
Kelley-Contensou test [Eq. (44)] can be applied to
H=H*A+u(H*B-H*A) with 0 < w < l if the difference H*B-
HA is sufficiently differentiate. It is even possible to consider
(H%-HA)/g(t) instead of (H*B-H*A) where the function
g (t) is any positive integrable function.

Similarly, let us consider a singular arc of Type 1 with k-
dimensional domains DH and Dv. The test can be applied if in
a vicinity of the singular arc {p(t),x(t)9t] it is possible to
write for almost all /:

Hj(p9x9t)+.g(t)- sup l \ S i ( p 9 x 9 t ) \ ] * H * ( p 9 x 9 t )

< H t ( p 9 x 9 t ) + G ( t ) - sup
/=(/...*}

(55)

with

g ( t ) and G(t) are two positive and integrable
functions and //,(/?, Jt,0 is continuously dif-
ferentiable with respect to p and x at almost all
points [p(t),x(t)9t] of the singular arc. The k
functions Sj(pfx,t) are zero along the singular
arc (i.e., at points p ( t ) , x ( t ) , t ) and sufficiently
differentiable in its vicinity. (56)

Thus, if we consider a point [p(t),x(t)9t] of the singular
arc and the. corresponding domain DH defined in Eq. (39), the
velocities x and p belonging to DH are given by k arbitrary
parameters X,

^ _; ml vV dsf(x, -p) = + 2j x/ a / -^^d(p,x) *~, d(p,x)
(57)

The test is related to the successive total derivatives (along
neighboring extremals) of the function S given by

These derivatives must be evaluated with constant
long as we do not need Eq. (57) we obtain

When Eq. (57) is applied for the first time, we obtain

(58)

and as

(59)

(60)

The test can work only if, in a vicinity of the singular arc,
the Sir and Sijr functions are bounded and furthermore the Sijr
functions are continuous in terms of p and x. The following
necessary conditions of extremality are then obtained.

If r is odd all Sijr must be almost always zero along the
singular arc (note that already in this case Sijr = -Sjir and thus
when k= 1, i.e., for scalar singular controls, this condition is
always satisfied). If r is even, the quadratic form

k k

Q(y,y) = (-Dr/2% ^yiyjSUr[p(t)9x(t)9t] (61)
/=/ j=i

must be almost always nonpositive definite. When k=l, Eq.
(61) implies Eq. (44) with r = 2q.

Note that the functions g(t) and G(t) have two interests:
1) their existence implies Eq. (52b) and 2) they allow extension
of the usual domain of the Kelley-Contensou test as we will
see in the following examples.

Example 11 . A singular arc with an odd r.

Control functions and control domain: *,= wy •/,(/); (62)

*2 = U2 '/2 (0 ; *3 =X1 W2/2 ~*2Ulfl = *7*2 ~*2*7 5

\Uj I < /; \u2 I < l\fj (t) and/2 (0 are positive and integrable

The usual analysis of a singular arc for which

X]=x2=x3 = 0 Pl=p2 = 0 p3 = l

leads to

H=u1f1{p1 -P3x2 } + U2f2 [p2 +p3Xj } (63)

where

Uj = sign (pl -P3x2 ) u2 = sign (p2 +p3Xj )

Pl=~ "2/2P3 f>2=+ UlflP3

and the singular arc of interest corresponds to a vector
singular control with k = 2.

The "optimal Hamiltonian" is:

ff* =/7 Ip, -P3x2 I +f2 \p2 +p3X] I

Using Eq. (55), we can choose

g(t) =inf l/7 (0,/2 (0 ) 0(t) =sup{/; (t)J2 (t)

Hj=0 S2 =PJ -P3x2

(64)

S2 =

-P3x2 ) (65)

thus

X ] = Ay

p3=0

and

d5/d/= -

(66)

(67)

i.e., Sj 2 j = —2p3 = — S 2 1 ] ;*0 and the singular arc of interest
is not locally extremal.

Example 12. A singular arc with r = 3 .

Maneuverability domain: \Xj I </; \x2 I <1 \x 3 =x j ; x4 =x2

XjXj 1 ̂  X c (68)

The singular arc x = 0; pl =p2 =p3 =p4 = 0; ps = + 1
corresponds to k = 2 and is not extremal (S= plpl -H n2p2, and
s1.2.3 =~2p5*0, with Xy = Xj; X2 =x2).
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Example 13. An extremal singular arc with odd r.

Maneuverability domain: I;c7 1 < 7; \x2 1 <7

x]x2 -X1x2x1 -2x2j -I<x3 <x]x2 -x1x2*i -2x2j (69)

The singular arc x = 0; p1 =p2 = 0; p3 = 1 corresponds to k = 2
and is extremal in spite of an odd r.

S = M7 (Pi ~

hence

+ /i2 (P2 \2 = X2

The number r is odd but S12l and S21 1 are identically zero
along the singular arc and the necessary conditions of ex-
tremality are satisfied. The consideration of the function
f=2x3+x2jX2 which is constant along the singular arc and
nonincreasing everywhere else shows that the singular arc of
interest is indeed an extremal trajectory.

Example 14. A singular arc with a vector singular control
and with reven.

Maneuverability domain: \Xj I < 1 ; \x2 1 < 1

Ax] +2BxjX2 + Cx2
2 -1<X3 <Ax] +2BxjX2 + Cx2

2 (70)

Singular arc of interest: x=0;pj =p2 = 0\p3 = l\t

The singular arc corresponds to k - 2 and leads to r - 2 and

= 2p3(Ay2+2Byiy2 + Cy2) (71)

If Q is positive definite or non-negative definite or indefinite,
the test works and the singular arc is not extremal; if Q is
negative definite, the singular arc can be extremal. We can
verify that it is indeed extremal since then x3 is constant along
the singular arc and nonincreasing anywhere else.

It is possible to build many other simple examples showing
the importance of each of the remaining conditions of the test
(boundedness of the Sir functions, continuity of the Sijr
functions, etc.). On the other hand, it is certainly possible to
extend the test to the arcs that do not satisfy these last con-
ditions or even Eq. (52b).

E. Singular Arcs of Type 2
In the classification of Ref. 8, the expression "singular

trajectories of Type 2" is rather unfortunate: it is applied to
trajectories which have several independent adjoint functions
p ( t ) and which also satisfy Eq. (52a). These trajectories are
very similar to the previous ones or even to the "ordinary
trajectories of Pontryagin" given by the usual equations (38).
For instance, the singular arc of example 1 1 is of Type 2 since
it also corresponds to the adjoint vector pl =p2 = 0;p5 = — 1.
That property is sometimes called abnormality.

However, recall that if in a given bicanonical problem, we
consider a candidate solution x ( t ) , that solution cannot be
ruled out by the Pontryagin maximum principle and its
generalization if at least one adjoint function satisfies the
transversality conditions related to Eqs. (42) and (43) and, if
necessary, the test of singular extremals.

F. Singular Arcs of Type 3
These trajectories no longer satisfy Eq. (52a), as shown in

the following example:
Example 15. A singular trajectory of Type 3 .

Control functions: x1 = Uj (1 + u3x2) ; x2 = u2 ( 1 + u3x2 ) (72a)

End conditions: X10=x20 = t0 = 0\ xlf is free; *2/ = 0;
tf is given (72c)

Question : maximize I=xlf

Hence

H= x2)32 u2)

with

and

//* = ( 7 + b t 2 l ) - s u p { Ip, IJp2 I)

X2^0=>u3 = sigruc2

Ip, I > \PJ !=>«, = sign/7, Uj = 0

(72d)

(73)

(74)

(75)

(76)

(77)

P2 = -8H*/dx2 = - (sign*2) -sup{ Ip, \ ; \ p 2 \ ) (78)

When x2 = 0, Eq. (39) leads to:

I p 2 l < s u p ( l p 7 l ; l p 2 l ) (79)

Let us consider the candidate solution x1 = t; x2 = 0, which
corresponds to

and, thus, to

\p2\

(80)

(81)

If PJ > \p2 I , the corresponding domain DH defined in Eq.
(39) is given by

x2 = 0 \P2 I < (82)

p is not defined by the choice of x and thus Eq. (52a) is not
satisfied: DH has a dimensionality of 1 and its projection Dv a
dimensionality of 0. On the other hand, it is possible to
choose, for instance, p2 = 0 and the usual Pontryagin con-
ditions cannot rule out the candidate solution.

However, it is possible to improve the analysis8 if we
consider an "auxiliary Hamiltonian" L(p,xtt) which is a
measurable function of p, x, and t, locally Lipschitz with
respect to p and x, and verifying for almost all t in some
vicinity of the trajectory x ( t ) of interest:

L(p,x,t)<H*(p,x,t)

L ( p , x ( t ) , t ) > p - f c ( t )

(83)

(84)

Equation (83) implies that L corresponds to a maneuverability
smaller than the initial one; however, Eq. (84) implies that this
smaller maneuverability agrees with the trajectory of interest.
Thus, we can guess that to any L function there must
correspond an adjoint function p ( t ) satisfying conditions
corresponding to the generalized Pontryagin conditions of
Eqs. (37-39). For instance, we may choose

L=(l+x2)-sup{ I p , l , l p 2 l ) (85)

Control domain: \u} I + \u2 I < 7; \u3 I < / (72b)

which implies

Pi=0 P2=-dL/dx2 = -sup{ Ip, I , Ip2 I ) (86)

and Eq. (81) can be satisfied only if tf<2. Thus, the singular
arc of interest is nonextremal as soon as tf > 2.
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We can verify that when tf>2, there are two symmetrical
optimal solutions, one of them being the following:

0<t<(tf-2)/2:

(tf-2)/2<t<(tf+2)/2:

(87)

\x1=2'Qxp{(tf-2)/2]

The final value of x;, i.e., 2-exp( (tf — 2 ) / 2 ] , is indeed larger
than the value tf given by the singular arc.

G. Chattering Arcs of the Second Kind
In Note 6 of Sec. IV, we discussed chattering arcs of the

first kind: the optimal control chatters at an arbitrary rapid
rate between two or several values because the
maneuverability domain is not convex. This is a rather ar-
tificial singularity. On the contrary, chattering arcs of the
second kind are concrete; they arise before the beginning and
after the end of singular arcs of order two or more.7'71"77

Their prototype is given by the Fuller problem. 7>72-74

Example 16. The Fuller problem (a chattering arc of the
second kind).

{ tf
x2dt between given end conditions (88)

'0

the parameter x being limited by \x\ < 1. The Mayer form of
the problem is

X, =X x3=\ x2(B)-A6

Xi.o>x2.o>x3.o> ancl *o are given as well as xlf,x2f,tf

x3f is free and to be minimized (/= — x3 )

H=Plx2 +p2x2 +p3x]

H*=Plx2+\p2\+p3x]

(89a)

(89b)

(89c)

(89d)

(90)

(91)

with

x2 = sign/72 if p2 ^ 0

x2 arbitrary in [ - 1, + 1 ] if p2 = 0

and

p2 = -3H*/dx2 = -pl p2 = -PJ =dff*/dxj =2p

p3 = -3H*/dx3=0 d3p2/dt3 =2p3Xj =2p3x2

d4p2/dt4=2p3x2=2p3'Signp2 (if

(92)

Since I=—x3f, we have p3f<0. The case p3f = Q and then
P3 = Q has no singularity but concerns only infinitely rare end
conditions. The general case is p3<0 and we will choose
P3 = — 0.5 since the adjoint functions can always be multiplied
by a positive and constant factor.

Equation (93c) becomes

A4 ,A+4 - f-signP2 ifd4p2/dt4= -x=] 2

Uny value in [-/; + !] if p2 =

which has three types of solutions:

P2>0: d4p2/dt4=-l x=l

P2<0: d4p2/dt4 = l x=-l

the singular solution p2 =0: x = x = 0

(95)

(96)

(97)

P2 and its three first derivatives ( — p]f — xlf — x2) are con-
tinuous so that it is easy to match solutions of Eqs. (95) and
(96) with a switch atp2 = 0; however, it is impossible to match
directly the singular solution of Eq. (97) and an ordinary arc.
That function can be made indirectly through an infinite
number of switches atp2 = 0 (Fig. 3).

The switching instants tn are in a geometrical progression of
ratio 7=4.13016 after the final instant ts of the singular arc
(or before its initial instant). Let us put

t-t=i t.-t=t

hence

(98)

(99)

and from Fig. 3

6€(en,On+I) implies x= (-!)" = -d4p2/df (100)

The successive integrations of x give X2,x,,p1, and —p2 and
thus

= -Jx2(6)

= -J4P2(8)

(101)

(102)

(103)

(104)

The value of J is given by the condition p2 = 0 at all switches,
i.e., when 6 = 6n; it leads to

i.e.,

J=

J4 -3J3 + 4J2 -3J+ 1 = 0

i/2 } 74 = 4.13016

(105)

(106)

X = Sign

(93a) Q

(93b)

(93c) -|

r~T t-3 "*
'-, to ti t»

Fig. 3 Chattering arc of the second kind, x has an infinite number of
switches at the instants tn with: tn-ts= Jn (t0 - ts) where /= 4.13016
and J4 -3J3 -4J2 -3/+1 = 0. (t0 is at a switch and is not the initial
time; ts is the terminal time of the singular arc and also a point of
accumulation of switches.)
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Equations (101-104) imply that X2,x1,p1> andp2 goes to zero
when 0—0, i.e., when t-+ ts. Thus these four parameters are
continuous and it is easy to verify that all other Pontryagin
requirements are satisfied.

Thus, the singular solution and its chattering escape
constitute a true Pontryagin solution and we can note that it is
also an extremal as are all other Pontryagin solutions of
example 16. Indeed x ( t ) , p ( t ) is such a solution in the Mayer
form: the function F=p(t) -{x-x(t)} is constant along the
solution of interest and nonincreasing anywhere else.

Let us consider, for instance, the following end conditions:

>=* 3m0 = t0 = 0; xlf=x2f=2\ tf = (107)

Then, the optimal solution is symmetrical with respect to t = 4
and leads to the optimal jc5/ = 3.03046, which has a singular
arc between ts and 8 - ts with ts = 3.43039 and its first switch
occurs at t = 0.057765. The instants ts and %-ts are points of
accumulation of switches and the theoretical number of
switches is infinite.

We can note that: 1) Piecewise continuous controls cannot
give the optimal solution. 2) The optimal solution is physically
impossible. Fortunately, excellent piecewise continuous
solutions with a small number of switches are available and
convergence is extremely rapid.20 3) These chattering arcs of
the second kind appear for very general end conditions and
give a large generality to the singular arcs.

Let us now consider an unsymmetrical chattering arc of the
second kind.

Example 17. Unsymmetrical chattering arc of the second
kind.

t

t
minimize I x2 -dt between given end conditions (108)

d2x/dt2 being bounded by -b<x<a with a>0, b>0.
Equation (94) becomes

[ -a if p2>0
any value in [-a, + 6], if p2 = 0 (109)
+ b if p2<0

which has three types of solutions:

P2>0\ d4p2/dt4=-a x=+a (110)

P2<0: d4p2/dt4=+b x=-b (111)

the singular solution: P2 = 0 x=x=0 (112)

It leads to chattering arcs with two alternate ratios

betweent2n and t2n+1: x=aand(t2n+1-ts)/(t2n-ts) =a

between^n_ / and t2n: x= -band (t2n -ts)/(t2n_1 -ts) =0
(113)

a and 0 are only functions of the ratio b/a (Fig. 4). They are
given by the following four analytical relations:20

'(<x/3)=s>4.13016

b ^ot-R
a 8—R

s4-s3-2s2-s + l
S2+S + 1

s4+3s3 +4s2 +s + l
(U4)

These unsymmetrical chattering arcs are useful in un-
derstanding the usual chattering arcs that surround the op-

timal singular arcs of the second order (i.e., the intermediate
thrust arcs of space dynamic31'33). Indeed, in a small
neighborhood of the junction, the succession of switches is
infinitely close to the alternative geometrical progression of

Example 18. Chattering arcs of order n.

{ tf
x2dt between given end conditions (115)

'0

the n derivative dnx/dtn being bounded by \dnx/dtn\<l.
The Mayer form of the problem is a simple extension of Eq.
(89) and Eq . (94) becomes :

-1) n + 1d2npn/dt2n = = dnx/dt" (116)

The singular arc corresponds to pn = Q and, if n is odd, it is
possible to escape without chattering, with pn = ±(t —
ts)2n/(2n)l after ts. However, when n>l, that one
parameter possibility is not sufficiently general and can only
lead to particular final conditions.

If n > 2, it is also possible to escape from the singular arc by
a chattering arc of the second kind similar to that of Fig. 3
with a geometrical progression of ratio /„ satisfying:

(Jn>D (117)

Thus, J2= 4.13016, J3 = 1.7369, J4= either 1.3509 or 9.9812,
etc. Equation (116) on the sign of pn rules out some of the
roots of Eq. (117) and, for a given «, the number of remaining
roots is either n/2 if n is even or (n - l)/2 if n is odd.

When rt>3, these chattering arcs with a geometrical
progression are not sufficiently general (each has only two
parameters) and the general solution uses a mixing of the
different possibilities mentioned above,20 two parameters
being given by each chattering arc and, for n odd, one

0.2 0.4 0.6 0.8 1

Fig. 4 I/a and 1/0 in terms of ratio b/a for unsymmetrical chat-
tering arcs of the second kind.
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parameter being given by the direct escape. This consequently
provides the n parameters necessary to reach arbitrary final
conditions and, hence, between given terminal conditions on
f,#,x,...,d ( / I~7)jc/df ( / I ~ 7 ) , the optimal solution uses a singular
arc along x = 0 when tf —10 is sufficiently large.

Note that all of these solutions have the same x and the
same p along the singular arc, and hence that singularity
destroys the deterministic character of the usual Pontryagin
equations (38). The same initial x and p can lead to various
final conditions.

In case of a vector singular control, the chattering arcs of
the second kind become even more complex and the general
theory of this phenomenon is very difficult.20

VII. Conclusions
Singularities in optimization problems is a very broad

subject even if restricted to the analysis of maneuverable and
deterministic systems governed by ordinary differential
equations. The substitution of the notion of maneuverability
for that of control leads to a simple and unified presentation.

In addition to usual topological singularities and to an
artificial singularity disappearing in the Mayer form of the
problem, there exist singularities related to the optimization:
singular arcs and chattering arcs of the second kind.
Together, these arcs play a central role in many optimization
problems: they appear as part of general solutions and not
only as particular solutions (as are the parabolas among
Keplerian orbits).

It would be interesting to enlarge the analysis to numerical
questions, to nonbicanonical problems (with, for instance, a
forbidden zone or with discontinuities of the maneuverability
with respect to the state), and to singularities of second order
tests: the "adjoint matrix" of these tests have negative jumps
at each switch and at the beginning of singular arcs,48 and
there may be an infinite number of switches.

Under these circumstances, it is not surprising that the
optimization of systems is extremely complex and difficult to
understand, even when they are of a deterministic nature and
without distributed parameters.

Acknowledgments
The authors want to present their apologies for their in-

complete presentation of the historic part of this broad
subject with relatively few references, if any, to major
researchers such as Euler, Lagrange, Weierstrass, Legendre,
Leitmann, Robbins, McShane, Halkin, Roxin, Rockafellar,
etc. We also want to thank the referees for their comments,
criticism, and suggestions. Particular thanks to J. Van Der
Ha, M. Salmon, and O. Mercier for their help in improving
this paper.

References
^ohmann, W., Die Erreichbarkeit der Himmelskdrper, Olden-

burg, Munich, 1925.
2Contensou, P., "Note sur la cinematique gendrale du mobile

dirigd" and "Application des methodes de la mdcanique du mobile
dirigd a la th6orie du vol planeV' Communications a I'Association
Technique Maritime et Aeronautique, Vol. 45, No. 836, 1946, Vol.
49, No. 958, 1950.

3 Bliss, G.A., Lectures on the Calculus of Variations, The
University of Chicago Press, Chicago, 1946, pp. 1-292.

4Lawden, D.F., "Minimal Trajectories," Journal of the British
Interplanetary Society, Vol. 9, July 1950, pp. 179-186.

5Lawden, D.F., "Minimal Rocket Trajectories," Jet Propulsion,
Vol. 23, 1953, pp. 360-367 and 382.

6Lawden, D.F., "Fundamentals of Space Navigation," Journal of
the British Interplanetary Society, Vol. 13, 1954, pp. 87-101.

7Fuller, A.T., "Relay Control Systems Optimized for Various
Performance Criteria," Proceedings of the IF AC Congress, Moscow,
1960, Butterworths, London, 1961, pp. 510-519.

8Marchal, C., "Theoretical Research in Deterministic Op-
timization," ONERAPub. 139, 1971, pp. 103-158.

9Moore, J.B. and Anderson, B.D.O., "Extensions of Quadratic
Minimization Theory, I: Finite Time Results," International Journal
of Control, Vol. 7, No. 5, 1968, pp. 465-472.

10Jacobson, D.H., "Totally Singular Quadratic Minimization
Problems," IEEE Transactions on Automatic Control, Vol. AC-16,
1971, pp. 651-658.

HJacobson, D.H. and Speyer, J.L., "Necessary and Sufficient
Conditions for Singular Control Problems: A Limit Approach,"
Journal of Mathematical Analysis and Applications, Vol. 34, 1971,
pp. 239-266.

12Anderson, B.D.O., "Partially Singular Linear-Quadratic
Control Problems," IEEE Transactions on Automatic Control, Vol.
AC-18, 1973, pp. 407-409.

13Coppel, W.A., "Linear-Quadratic Optimal Control,"
Proceedings Royal Society of Edinburgh, Vol. 73A, 1974, pp. 271-
289.

14Molinari, B.P., "Nonnegativity of a Quadratic Functional,"
SIAM Journal of Control, Vol. 13, 1975, pp. 792-806.

15Clements, D.J., Anderson, B.D.O., and Moylan, P.J., "Matrix
Inequality Solution to Linear-Quadratic Singular Control Problems,"
IEEE Transactions on Automatic Control, Vol. AC-22, 1977, pp. 55-
57.

16Clements, D.J. and Anderson, B.D.O., "Singular Optimal
Control: The Linear-Quadratic Problem," Lecture Notes in Control
and Information Sciences, edited by A.V. Balakrishnan and M.
Thomas, Springer Verlag, Berlin, Heidelberg, New York, 1978, pp. 1-
93.

17Pontryagin, L.S., Boltyanskii, V.G., Gamkrelidze, R.V., and
Mishchenko, E.F., The Mathematical Theory of Optimal Processes,
Interscience Publishers, New York, 1962, pp. 75-114.

18Warga, J., "Necessary Conditions for the Minimum in Relaxed
Variational Problems," Journal of Mathematical Analysis and
Applications, Vol. 4, No. 2, 1962, pp. 111-145.

Hermes, H., "The Generalized Differential Equation
x£R(t,x)," Advances in Mathematics, Vol. 4, No. 2, 1970, pp. 149-
169.

20Marchal, C., "Survey Paper - Chattering Arcs and Chattering
Controls," Journal of Optimization Theory and Applications, Vol.
11, No. 5, 1973, pp. 441-468.

21Williamson, L.J. and Polak, E., "Relaxed Controls and the
Convergence of Optimal Control Algorithms," SIAM Journal on
Control and Optimization, Vol. 14, No. 4, 1976, pp. 737-757.

22Carter, T.E., "Singular Regimes in Certain Classes of Relaxed
Control Problems," SIAM Journal on Control and Optimization,
Vol. 14, No. 2, 1976, pp. 359-386.

23Breakwell, J.V., "The Optimization of Trajectories," SIAM
Journal, No. 7, 1959, pp. 215-247.

24Lawden, D.F., "Interplanetary Rocket Trajectories," Advances
in Space Science and Technology, edited by F.I. Ordway, Academic
Press, New York, Vol. 1, 1959, p. 1.

25Lawden, D.F., "Optimal Trajectories for Space Navigation,"
Butterworths Mathematical Texts, Butterworths, London, 1963, pp.
3-126.

26Contensou, P., "Etude Thdorique des Trajectoires Optimales
dans un Champ de Gravitation. Application au Cas d'un Centre
d'Attraction Unique," Astronautica Acta VIII, Fascicule 2-3, 1962,
pp.134-150.

27Marchal, C., "The Bi-Canonical Systems," Techniques of
Optimization, edited by A.V. Balakrishnan, Academic Press, New
York and London, 1972, pp. 211-228.

28Lawden, D.F., "Optimal Intermediate Thrust Arcs in a
Gravitational Field," Astronautica Acta, Vol. 8, No. 2-3, 1962, pp.
106-123.

29Robbins, H.M., "Optimality of Intermediate Thrust Arcs of
Rocket Trajectories,'M/A4 Journal, Vol. 3, 1965, pp. 1094-1098.

30Kopp, R.E. and Moyer, H.G., "Necessary Conditions for
Singular Extremals," AIAA Journal, Vol. 3, 1965, pp. 1439-1444.

31 Archenti, A. and Marchal, C., "Integration Numdrique des Arcs
a Pouss6e Intermediate de Lawden et Etude de leur Optimalit6 (dans
un Champ Newtonian Central)," Proceedings of the 21st Congress of
the International Astronautical Federation, edited by L.G.
Napolitano, North Holland Publishing Co., New York, 1971, pp.
127-138.

32Archenti, A. and Marec, J.P., "On the Optimality of Con-
tensou's Singular Alternating Arcs in the Optimal Transfer
Problem," Journal of Optimization Theory and Applications, Vol. 8,
No. 1, 1971, pp. 49-65.

33 Archenti, A. and Vinh, N.X., "Intermediate Thrust Arcs and
Their Optimality in a Central, Time Invariant Force Field," Journal
of Optimization Theory and Applications, Vol. 11, No. 3, 1973, pp.
293-304.



252 C. MARCHAL AND P. COUTENSOU J. GUIDANCE AND CONTROL

34Kelley, H.J., "Singular Extremals in Lawden's Problem of
Optimal Rocket Flight," AIAA Journal, Vol. 1, July 1963, pp. 1578-
1580.

35Kelley, H.J., "A Second-Variation test for Singular Extremals,"
AIAA Journal, Vol. 2, Aug. 1964, pp. 1380-1382.

36Kelley, H.J., "A Transformation Approach to Singular Subarcs
in Optimal Trajectory and Control Problems," SI AM Journal on
Control and Optimization, Vol. 2,1964, pp. 234-240.

37Robbins, H.M., "A Generalized Legendre Clebsch Condition for
Singular Cases of Optimal Control," I.B.M. Journal I, Res. Dev. 3,
1967, pp. 361-372.

38Contensou, P., "Conditions d'Optimalitd pour les Domaines de
Maneuvrabilit6 a Frontiere Semi-Affine," Colloquium on Methods of
Optimization, Novosibirsk, USSR, June 1968, pp. 139-158.

39Tait, K., "Singular Problems in Optimal Control," Ph.D.
Thesis, Harvard University, Cambridge, Mass., 1965.

^Kelley, H.J., Kopp, R.E., and Moyer, H.G., "Singular Ex-
tremals," Topics in Optimization, "edited by G. Leitmann, Academic
Press, New York, 1967, pp. 63-101.

41Goh, B.S., "The Second Variation for the Singular Bolza
Problem," SI AM Journal on Control, Vol. 4, 1966, pp. 309-325.

42 Jacobson, D.H., "A New Necessary Condition of Optimality for
Singular Control Problems," SI AM Journal on Control, Vol. 7, No.
4, 1969, pp. 578-595.

43Gabassov, R., "On the Theory of Necessary Conditions for
Optimality of Singular Controls," Doklady Akad. Nauk USSR, Vol.
183, 1968, pp. 300-302.

44Bell, D.J., "Singular Problems in Optimal Control-A Survey,"
International Journal of Control, Vol. 21, No. 2,1975, pp. 319-331.

45Jacobson, D.H., "Survey Papers on Singular Arcs," IEEE
Transactions on Automatic Control, Vol. 16, 1971, pp. 651-658.

46Gabassov, R. and Kirillova, F.M., "Survey Paper-High Order
Necessary Conditions for Optimality," SIAM Journal on Control,
Vol. 10, No. 1, 1972, pp. 127-168.

47Gabassov, R., Kirillova, P.M., and Strochko, V.A., "Survey
Paper on Singular Arcs," Automatic Remote Control, Vol. 32, 1971,
pp. 689-704, 857-875, 1013-1040.

48Marchal, C., "Survey Paper-Second Order Tests in Op-
timization Theories," Journal of Optimization Theory and Ap-
plications, Vol. 15, No. 6, 1975, pp. 633-666.

49Bell, D.J. and Jacobson, D.H., Singular Optimal Control
Problems, Academic Press, London, New York, San Francisco, 1975,
pp. 1-182.

50Gabassov, R. and Kirillova, F.M., Optimal Linear System,
Methods of Functional Analysis, Plenum Publishing Co., New York,
1978.

51 Johnson, C.D., "Singular Solutions in Optimal Control
Problems," Advances in Control Systems, Vol. 2, edited by C.T.
Leondes, Academic Press, New York, 1965, pp. 209-267.

52Krener, A.J., "The High Order Maximum Principle and its
Application to Singular Extremals," SIAM Journal on Control and
Optimization, Vol. 15, No. 2, 1977, pp. 256-293.

53Goh, B.S., "Necessary Conditions for Singular Extremals In-
volving Multiple Control Variables," SIAM Journal on Control, Vol.
5, 1966, pp. 716-731.

54Hermes, H., "Local Controllability and Sufficient Conditions in
Singular Problems," Pts. I and II: Journal of Differential Equations,
Vol. 20, 1976, pp. 213-232; and Pt. Ill: SIAM Journal on Control and
Optimization, Vol. 14, No. 6, 1976, pp. 1049-1062.

55 Powers, W.F., Cheng, B.D., and Edge, E.R., "Singular Optimal
Control Computation," Journal of Guidance and Control, Vol. 1,
Jan.-Feb. 1978, pp. 83-89.

56Powers, W.F. and McDanell, J.P., "Switching Conditions and a
Synthesis Technique for the Singular Saturn Guidance Problem,"
Journal of Spacecraft and Rockets, Vol. 8, Oct. 1971, pp. 1027-1032.

57Hermes, H., "Controllability and the Singular Problem," SIAM
Journal on Control, Vol. 2, 1964, pp. 241-260.

58 Jacobson, D.H., "Totally Singular Quadratic Minimization
Problems," IEEE Transactions on Automatic Control, Vol. AC-16,
1971, pp. 651-658.

59McDanell, J.P. and Powers, W.F., "New Jacobi Type Necessary
and Sufficient Conditions for Singular Optimization Problems,"
AIAA Journal, Vol. 8, Aug. 1970, pp. 1416-1420.

60Moyer, H.G., "Sufficient Conditions for a Strong Minimum in
Singular Control Problems," SIAM Journal on Control, Vol. 11, No.
4, 1973, pp. 620-636.

61Katz, P.L., "Reachable Sets and Singular Arcs for Minimum
Fuel Problems Based on Norm-Invariant Systems," IEEE Trans-
actions on Automatic Control, Aug. 1972, pp. 557-559.

62Anderson, G.M., "An Invariant Numerical Method for the
Solution of a Class of Optimal Control Problems with Singular
Arcs," IEEE Transactions on Automatic Control, 1972, pp. 363-365.

63 Jacobson, D.H., "On Condition of Optimality for Singular
Control Problems," IEEE Transactions on Automatic Control, Feb.
1970, pp. 109-110.

^Jacobson, D.H., Gershwin, S.B., and Lele, M.M., "Com-
putation of Optimal Singular Controls," IEEE Transactions on
Automatic Control, Feb. 1970, pp. 67-73.

65O'Malley, R.E. and Jameson, A., "Singular Perturbations and
Singular Arcs," IEEE Transactions on Automatic Control, April
1975, pp. 218-226.

^Clements, D.I. and Anderson, B.D.O., "Transformational
Solution of Singular Linear-Quadratic Control Problems," IEEE
Transactions on Automatic Control, Feb. 1977, pp. 57-60.

67Flaherty, J.E. and O'Malley, R.E., "On the Computation of
Singular Controls," IEEE Transactions on Automatic Control, Aug.
1977, pp. 640-648.

68Haas, V.B., "On Normality and Conjugate Point-Criteria for
Singular Extremals," SIAM Journal on Control, Vol. 13, No. 6,
1975, pp. 1172-1182.

69Cook, G., "The Singular Control Problem and Approximate
Solutions," IEEE Transactions on Automatic Control, Feb. 1971, pp.
52-54.

70Speyer, J.L. and Jacobson, D.H., "Necessary and Sufficient
Conditions for Optimality for Singular Control Problems: A Trans-
formation Approach," Journal of Mathematical Analysis and Ap-
plications, Vol. 33, 1971, pp. 163-187.

71Wohnham, W.M., "Note on a Problem in Optimal Non-Linear
Control," Journal of Electronics and Control, Vol. 15, 1963, pp. 59-
62.

72Fuller, A.T., "Study of an Optimun Non-Linear Control
System," Journal of Electronics and Control, Vol. 15, 1963, p. 63.

73 Fuller, A.T., "The Absolute Optimality of a Non-Linear Control
System with Integral-Square-Error Criterion," Journal of Electronics
and Control, Vol. 17, No. 3, 1964, pp. 301-317.

74Fuller, A.T., "Further Study of an Optimum Non-Linear
Control System," Journal of Electronics and Control, Vol. 17, No. 3,
1964, pp. 283-300.

75Dixon, J.F., "Second Order Singular Arcs in Trajectory Op-
timization," NASA Contract NGL-007, Project 7279, March 1971.

76McDanell, J.P. and Powers, W.F., "Necessary Conditions for
Joining Singular and Non-Singular Subarcs," SIAM Journal on
Control, Vol. 9, 1971, pp. 161-173,

77Maurer, H., "An Example of a Continuous Junction for a
Singular Control Problem of an Even Order," SIAM Journal on
Control and Optimization, Vol. 13, No. 4,1975, pp. 899-903.


